The previously introduced model of self-organized criticality (SOC) in [1] , is adapted in the case of a virus-induced epidemic. In this version the model includes the capability to discriminate the study of virus spread according to the virus aggressiveness (as in the case of covid-19). The study presented in the following lines, highlights the critical value of virus density over a population. For low values of the initial virus density lower than the critical valueit is proved that the virus-diffusion behavior is safe and is quantitatively similar to usual real epidemical data. However, it is revealed that very close to the critical point, the critical slowingdown (CSD) phenomenon, introduced by the theory of critical phenomena, emerges, leading to a tremendous increase of both ; additionally, a behavior of the epidemic obeying to a second order phase transition occurs. For virus density values higher that the critical value, the epidemic duration becomes extremely prolonged. Additionally, the effect of the population size of the closed system revealed interesting properties. All these results, together with an investigation of the effectiveness of authorities' intervention, as in the case of applying contact restriction measures, document scientifically their worthiness; while they also demonstrate the limits for which herd immunity holds.
Introduction
Models on epidemic spread, in terms of the virus self-organized criticality (SOC) [1] , have been developed in the recent past [2, 3, 4] . Formulating a model is based in principle, on the number of factors, one must consider, as well as, the way these factors would be quantified and represented within the model. These factors may refer to the rules instituted by the authorities, in order to prevent the spread of an epidemic. Α lot of discussion and controversy over the issue of restriction measures imposed by authorities take place worldwide., on occasion of covid-19 pandemics. The scope of this work is to investigate the effect of protection measures on the spread of a virus, over a virus-infected population, considering this virus spread as a selforganized system. To this direction, diffusion rules similar to the sandpile model of BTW [5] , have been imposed. Initially, the virus-exposed population-system is allowed to evolve on its own, having as the only external intervention the fact that the system is closed, while the effects in the case of further imposing contactrestriction measures on the population, are investigated.
The methodology followed herein, as well as the introduced model-quantities, have already been proposed and utilized in the case of self-organized systems [1] . The methodology is adapted to a virus-exposed populationsystem model, so that the case of virus dispersion could be studied. This adaption also includes the capability to consinder The importance of critical density ρc (defined in the following section) is introduced, together with the critical slowing-down (CSD) phenomenon, appearing on the critical point; both coming from the theory of critical phenomena [6] . It is noted that the CSD phenomenon has been thoroughly studied in epidemiology [7, 8] .
An observable measure, which can be easily estimated, is the percentage of the infected people during an epidemic. Such realistic percentages in the cases of normal virus diseases, are between 0.5%-1.5%; not excluding of course the possibility for an epidemic to exceed these limits. In this work, an investigation on whether a self-organization model can provide with such realistic results, appears. An estimation of the epidemics duration also appears. This investigation is further enriched by introducing in the model contact restriction (epidemic control) rules, something that happens in many countries in the era of covid-19. Finally, interesting results document the limits of the herd immunity approach and the usefulness and effectiveness of the imposition of contact restriction rules.
The proposed model
The two fundamental quantities in the models of self-organized criticality (SOC) are the control parameter and the order parameter. Attempting to introduce such a model in the case of a virus-exposed population-system, these two parameters are defined as follows:
• The control parameter is defined as the virus density = Q , where Q is the number of the total virus units, which in the rest of this paper would be called as the virus charge (Q), and P is the overall population, over which this virus charge has been distributed. In the proposed model, population (P) would be considered as a (L x L) lattice, where each site corresponds to a person; therefore, P=L x L. It is noted that the initial virus charge Qo, is always distributed randomly over the lattice sites (namely the population). • The percentage of virus carriers, capable of transmitting the virus (C), over the total population (P) defines the order parameter = . The sites corresponding to those carriers are named active sites. In the model introduced and investigated hereby, it is M(τ) the quantity that finally represents the extent of the spread of a virus disease, since this magnitude enunciates the percentage of the active carriers that in this implementation coincide with the diseased people. As a result, by following the evolution of M(τ) one may have a good quantitative description about the evolution of the epidemic. It is noted that the proposed model has the potential to demarcate active from inactive carries of the virus.
Regarding the virus unit, this is defined as the mean maximum number of viruses propagated in each contact, between two people. It is apparent that the so called in this work virus unit represents a large number of (biological) viruses and it is an object of medical designation. This way a correspondence between the initial BTW model and the proposed hereby, could be established, i.e. a virus unit corresponding to a grain of sandpile. In the BTW model a site is active when the number of grains is n≥4. In the proposed model, regarding the virus case, things are more complex in the sense that a discrimination between an active and an inactive carrier is introduced. Due to the large number of (biological) viruses comprising a single virus unit (with reference to the model), a quantization of the virus charge that is transferred from one lattice site (carrier) to its four neighboring sites, could be performed. This quantization is performed according to the number of virus units that the carrier possesses when is active. Therefore, in this model a carrier could be active even for n≤4 and the virus charge that could be transferred from one lattice site to another, is defined by the relation n/4, where n=1,2,3,4. Thus, the transferred virus charge could be either 1 (for n=4) or a fractional number, belonging to (1/4, 1/2, 1/3)for n=1,2,3. In the case that n=1, all the carries are active, spreading aggressively the virus over a population; this appears to be one of the qualitative differences of covid-19, compared to other flu-viruses. It should be noted that this is a major differentiation compared to the original BTW model, where the only active case that exists is for n=4, meaning that the active carrier is allowed to transfer only one charge (due to the transfer mechanism of the phenomenon that it describes). As a result, the rules of the virus charge diffusion model over whole lattice, prescribes that every active site can transfer n/4 virus units to each of its four neighbors. It is obvious that this discrete (quantized) model has a coarse graining character, since it is able to "see" details according to the quantization; inherently including the aggressiveness of the virus studied, though. Finally, it should be mentioned that this nearest-neighbor approach, adopted in this model, is indeed appropriate for describing the spread of a viral epidemic, since it can simulate virus propagation through any kind of close contact between people is characterized by a short radius range.
Implementing the model, for each sweep of the lattice a time unit is mapped, correspondingly. This way a timeseries of the order parameter M(τ) can be created. There is a critical value ρc for the virus density, for which if the initial density (in the beginning of diffusion procedure) is less than this value (ρ<ρc), then the final order parameter M(τ) value becomes zero, after a relaxation time period Δτ. This means that after this period no active sites (people who can propagate the virus) there exist, within the whole population, although there may be virus carriers (inactive). Therefore, the studying the model's behavior at the critical point is noteworthy interesting.
In the following section the results regarding the investigation of the behavior of the proposed hereby model, for the virus diffusion over a population, are presented for the two main categories of initially: (i) ρ≤ ρc, and (ii) ρ> ρc.
The Results
An example of a closed system with a population of P=14400 people has been considered. For the proposed model described above, this was translated to a square lattice of 120x120 (L=120). In order to have a realistic and timely case, n was set to n=1, meaning that all virus carriers are considered to be active; thus, the option of an aggressive virus like covid-19 was chosen.
Initially, and in order to find the critical value ρc of the virus density, the order parameter M(τ) timeseries for various initial virus density values ρ, was generated. In Fig. 1 the dependence of relaxation time Δτ on the virus density ρ is presented. The highest value of the virus density, for which the final order parameter value M(τ) is zero, determines the critical value ρc of the virus density. This value was found to be ρc=0.536 (for the 120x120 lattice). In addition, the change of the virus charge (i.e. the total virus units) was calculated to be Q=0.536·14400=7718 virus units. It is apparent from Fig. 1 that in this case, relaxation time goes to an unusual divergence at the critical point. This is a well-known property described in the theory of critical phenomena, namely the critical slowing-down (CLD) phenomenon; during this phenomenon, getting very close to the critical value of a variable, the studied magnitudes are evolving with a rate that slows-down, leading to high relaxation times. Thus, as we reach the critical virus density time duration of the epidemic spread becomes many times greater.
A. Initial virus density ρ ≤ ρc
As expected from the theory of critical phenomena, in the case of initial virus densities ρ below the critical value, time durations of the epidemic spread become significantly small. Therefore, investigation of the characteristic scenario (when ρ = ρc) for the temporal evolution of order parameter M(τ), where the greatest relaxation time emerges, is presented in Fig. 2 . Looking at this graph it comes up that for a relaxation time Δτ=4505, the order parameter M(τ) gets a zero value, meaning that the epidemic has ended. It is noted that in the central region of relaxation time (1000 <τ <2000 in Fig. 2) , the percentage of the active carriers drops to a mere mean value of 2.2%, which is a very low percentage for active carriers, in any case. Actually, one of the goals of this model is the fact that it studies the epidemic spread after this has reached its climax. In the model the climax is considered as the initial point of the simulations. Consequent to the above, in the example appearing in Fig. 2 , the initial percentage of the active carriers M(τ) has been considered to be almost 10% and it appears to reduce very quickly. Therefore, the focus of this study is on the most interesting part of the graph, that of the fluctuating process towards the disappearance of the epidemic for ρ ≤ ρc. 
B. Initial virus density ρ > ρc
In the case of beginning the simulation from virus densities higher than the critical value, the order parameter M(τ) initially increases, saturating to an almost constant value, for higher relaxation times; finally leading to infinite relaxation times; thus virus spread never reaches an end (practically the spread lasts extremely long times). In Fig. 3 the evolution of the order parameter M(τ), for a virus density slightly higher than its critical value, namely for ρ=0.600 (>0.536), is presented. It is apparent from this figure that next to the practically infinite duration of the virus spreading, it is confirmed that even small variations above the critical virus density lead to increased percentage of active carriersin this case it is almost 22.5%, ten times more than in the case of the critical value. Thus, the critical value ρc emerges as the borderline between usual, normal spread of the virus and an unusual, aggressive spread demonstrating with high duration times. In order to get an insight of the demonstrated phenomenon, the plot of the order parameter M vs. the virus density ρ, is presented. The resulting graph presented in Fig. 4(a) , obviously shows a pattern that is characteristic in nonlinear dynamics; this pattern is the well-known "devil's staircase", clearly hinting for a nonlinear phenomenon [9, 10] . According to the theory of second order phase transitions, it is expected that close to critical point a power law of the form M~(‫|‬ρ-ρc‫)|‬ β , should hold. In order to investigate this feature, the corresponding graph was plotted, and appears in Fig. 4 (b) . Indeed, getting close (from higher to lower values) to the critical virus density and for ρ>ρc, such a power law clearly holds, while the characteristic exponent β of this power law was calculated to be β=0.45.
C. Abstractive comparative results
As already described above, in the model introduced and investigated hereby, the quantity that finally represents the extent of the spread of a virus disease is the order parameter M(τ), therefore, by following its temporal evolution, one may have a good quantitative description about the evolution of an epidemic. As already discussed, the proposed self-organized model seems to demonstrate a noteworthy behavior for a virus density equal to its critical value ρc, due to the CSD phenomenon, further leading to spectacularly increased relaxation times (high durations of the epidemic). In order to stress and illustrate this feature of the model, the order parameter temporal evolution M(τ) appears in the double graph in Fig. 5 , for ρ=ρc=0.536 (red line) and for ρ=0.500<ρc (blue line), close to the critical point, but out of the region where the CSD phenomenon takes place. In both cases the model was implemented for a 120x120 lattice. It is apparent from the graph that for ρ≤ρc relaxation time drastically drops; in the studied cases, from Δτc=4505 to Δτρ=0.5=398. This enormous difference permits us to describe quantitatively, through relaxation time, how close to the "dangerous" critical point the system lays, without the requirement to define the time measuring units. Likewise, and in order to check the influence of the size of the population (in the model, the size of the lattice) on the temporal escalation of the virus disease, the temporal evolution of the order parameter M(τ) was calculated, in two more lattice cases: a 200x200 lattice, i.e. a population of 40000; and a 270x270 lattice, i.e. a population of 72900. The results of this study are presented in Table I . For the shake of clarity, in Fig. 6 the graphs of M(τ) vs. τ for all three cases of population, P=14400 (red line), P=40000 (green line) and P=72900 (blue line), appear. The information that can be mined from this comparative illustration are quite interesting and intriguing and are apposed in the following list:
• The epidemic duration appears to be higher with increasing populations, as naturally expected.
• The range of the fluctuations appears to be larger for smaller populations.
• The average value of the percentage of the diseased population M(τ) is higher in the case of the smallest population.
• No conservative magnitudes have been observed during the evolution of the phenomenon. On the contrary, even the area underneath each graph in Fig. 6 , which is analog to the corresponding product Δτ•<M> (last column in Table I ), appears to decrease with increasing population. The last result comparative-presentation regards the effects of the virus aggressiveness on the model behavior.
As deducted from the above presented results, the metric that defines the boundaries between a usual (normal) virus spread within a population, and an unusual (with extremely high rate) spread, is that of the critical virus density ρc. On the other hand, in the proposed hereby model the aggressiveness of a virus has been quantified in 4 discrete levels, according to the number of virus units that the carrier possesses, when is active (n=1,2,3,4). For n=1 all the carriers within a population are active (carriers propagating the virus), while for n=4 only some of the carries are active. It is apparent that the aggressiveness of the virus, influences the value of the critical point for the epidemic. In Table II the values of the critical virus density ρc. according to the virus charge are presented, in the case of a population of 14400 (120x120). It is apparent from this table that the width of safe initial conditions (ρ > ρc) is enhanced for less aggressive virus diseases. In specific, in the case of an extremely aggressive virus (as in the case of covid-19) the value of the critical virus density (ρc) becomes 4 times less (the width of the safe range of initial conditions for ρ, shrunk), compared to that of a normal virus disease (for instance a typical flu).
As a result, in the case of less dangerous viruses reaching the critical virus density is more difficult, because increased virus charge is demanded, resulting into shorter epidemic duration. On the contrary, in the case of more dangerous viruses reaching the critical point becomes easier, due to the reduced virus charge demanded. These results further confirm the consistency of the proposed model and allows for grading the expected risk.
Intervening to the self-organization parameters
The role of the authorities that have the will to protect their subjects, is to intervene to an epidemic's spread within their territory, by utilizing various tools. Some of those tools aim to the reduction of contact and interaction between their subjects, finally intending to intense and severe reduction of the virus spread rate.
In order to represent and introduce into our model, the imposed restrictions in human contact and interactions, the option of the model to define the bonds between the lattice sites, was utilized. Thus, three out of the four nearest neighboring site-bonds in the lattice were disabled, in a random way. This way, the active sites, carriers capable of transmitting the virus (infecting one neighbor) demonstrate a reduced infection capability. In this case the reduction of the contact was chose to be 75% (1 out of the 4 bonds remains active)something that happens indeed in nations that take such measures and with disciplined citizens. Application of this indicative case of restrictions over the previously studied 120x120 lattice (14400 people), in the case of an initial virus density ρ=ρc, exactly on the value of the critical virus density, is expected to lead to some kind of deceleration in the spread of the disease. In Fig. 7 the corresponding temporal evolution of the order parameter M(τ) is illustrated, not only fully confirming these expectations, but also revealing a spectacular reduction of the relaxation time (τ) by at least one order of magnitude. The duration of the epidemic now appears to become Δτ=143, almost 33 times less than that demonstrated in the case of lack of any restrictions of contact measures. For the shake of clarity, the obtained results in both cases, without and with restrictions imposed, are presented in Table III . All the above hint for the fact the evolution of epidemics, according to the proposed model (also verified by reality) is a strongly nonlinear phenomenon. In addition, the huge reduction effect on the epidemic spread, of any restriction measures in the contact and interaction between the people, emerges; thus, imposing isolation measures seems to become an imperative necessity.
Discussion and Conclusions
In this work the study of the evolution of epidemics, based on the closed model of self-organized criticality (SOC), is presented. In this model the virus-system is considered both as self-organized without any intervention and with interventions, which are considered to affect structural elements of the model.
The main conclusion derived by this study is that if the virus-system is allowed to be freely organized by itself, then the risk of having extremely enhanced and prolonged disease spread, becomes high. In addition, a metric coming for the theory of critical phenomena, that of the critical virus density ρc emerges as an important factor. For a specific population, if the initial virus density ρ is greater than its critical value, then the epidemic never ends, and the infected population percentage remains at almost constant levels, depending on the density value.
On the other hand, if the initial virus density ρ is lower than its critical value, then the epidemic ends relatively soon. It should be noted that in the latter case and for as long as the epidemic is in the phase of spreading, the emerging results agree qualitatively with real data. This is a result not expected at all, since what sounds reasonable is that self-organization without any imposed control would lead to fully uncontrolled and dangerous occasions (regarding the disease spread), in any case. It is noted that getting close (from below) to the critical value of the virus density, the duration of the epidemic becomes peculiarly increased, due to classic in the theory of criticality, critical slowing-down (CSD) phenomenon; thus the percentage of infected, active, ill population could eject to almost an order of magnitude higher values. Finally, a comparison of the effects on the safety limits for the virus spread, on the aggressiveness of the virus, shows a drastic reduction of the critical virus density value; thus an abridgement of the safety limits regarding the virus spread is evident.
In addition, the effects of imposed restriction measures by the authorities, were studied within the frame of the proposed SOC model. These measures were considered to bare a change on the properties of the model's lattice sites, thus on the active carriers' capability to transfer their virus charge to their neighbors, namely a 75% reduction on the contact and virus-transfer capability for each site (person). The results clearly show a spectacular reduction of both the temporal duration of the epidemic and the percentage of the ill population.
Finally, an investigation of the role of the size of the population of the closed self-organized model revealed interesting properties, which should be considered by policy and decision makers. It appears that although closed systems of smaller populations are demonstrating shorter disease-durations, they exhibit large fluctuations and a higher average in the diseased population.
Concluding, it seems that self-organization, a framework being applied in nature, as well as in artificial (social, economic etc.) networks, appears to have application in the description of virus-caused epidemics. The proposed SOC model proves that the epidemics get out of control in the case of allowing the percentage of the infected population to get beyond a threshold. Therefore, the proposed by many sides (scientific, political, social etc.) solution of the "herd immunity" approach, is safe as long as these limitations hold. Since in real-world, human population systems, this threshold (i.e. the critical value of the virus density) dividing the safe side from the unsafe, is unknown and difficult to be calculated or estimated, it is apparent that significant risk lurks. In addition, variations of this threshold appear to be prone to virus characteristics related to its aggressiveness; apparently mutations could further complicate any possible estimation. Consequently, restricting measures imposed by the authorities are emerging as an imperative solution to the right direction; and in this study, the solution of contact restrictions introduced in the model, showed that it leads to extremely reduced temporal durations of the virus disease. Additionally, fragmenting and isolating population sets are approaches clearly implied by the closed form of the studied, self-organizing model. Although this fragmentation to small population sets appears to lead to smaller durations of the epidemic, it seems that the average percentage of diseased population is higher, being accompanied by intense fluctuations; meaning that decision makers should take all these into account, when deciding the quarantine fragmentation sets and the restriction rules. Thus, a scientifically documented coarse roadmap of the measures that policy makers should apply and their questionings and limitations, emerges.
